We derive the leading-order equations that govern the dynamics of the flow in a falling, free-standing soap film. Starting with the incompressible Navier-Stokes equations, we carry out an asymptotic analysis using parameters that correspond to a common experimental setup. We account for the effects of inertia, surface elasticity, pressure, viscous stresses, gravity, and air drag. We find that the dynamics of the flow is dominated by the effects of inertia, surface elasticity, gravity, and air drag. We solve the leading-order equations to compute the steady-state profiles of velocity, thickness, and pressure in an experiment in which the film is in the Marangoni elasticity regime. The computational results, which include a Marangoni shock, are in good accord with the experimental measurements.
Introduction
A free-standing soap film consists of a bulk of fluid soapy solution sandwiched between two free surfaces [2] . The soap molecules on the free surfaces lessen the surface tension, make the film elastic, and stabilize the film. Because of their stability and thinness, free-standing soap films have long been used to study quasi-two-dimensional flows (see, e.g., [6] ).
In the common experimental setup sketched in Fig. 1a , a free-standing soap film of average thickness H hangs between two long, vertical, mutually parallel wires a few centimeters apart from one another [5, 6, 9] . The film falls, driven by gravity, and a steady vertical flow of average velocity U soon becomes established within the bulk of the film. In a typical experiment, H ≈ 10 μm and U ≈ 1 m/s.
Equations
We restrict attention to the cross-section along the centerline of the film (Fig. 1) . Thus, the flow resides in the x-y plane, and the independent variables are x, y, and the time t .
While the surfaces of water films tend to deform via antisymmetric modes (in which the two surfaces are in phase) [8] , the surfaces of soap films preferentially deform via symmetric Fig. 1 (a) A common experimental setup used to study the flow in a falling, free-standing soap film [5, 6, 9] . Wires WL and WR are thin nylon-fishing lines kept taut by weight W. The film hangs from the wires; its width increases from 0 to W over an expansion section of length l, then remains constant and equal to W over a measurement section of length L. Reservoir RT contains a soapy solution which flows through valve V and into the film. After flowing through the film with average vertical velocity U , the soapy solution drains into reservoir RB and returns to reservoir RT via pump P. In a typical experiment, the soapy solution consists of ≈ 2.5% Dawn Nonultra in water; W ≈ 5 cm; L ≈ 1 m; and l ≈ 10 cm. (b) The cross-section along the centerline of the film. The surfaces of the film are located at y = ±h(x, t); the film thickness is 2h(x, t). The vectors n(x, t) and t(x, t) denote the normal and tangent vectors, respectively, at the film surface y = h (x, t) modes (in which the two surfaces mirror each other) [2] . Therefore, we assume that the surfaces of the film remain symmetric with respect to the x-axis, and are located at y = ±h(x, t) (Fig. 1b) . These surfaces provide the boundary conditions for the bulk flow.
Dimensional Equations
We begin by considering the bulk flow, which obeys the incompressible Navier-Stokes equations:
Here u = (u, v) is the velocity vector, u = u(x, y, t) and v = v(x, y, t) are respectively the vertical and horizontal component of u, ρ is the density of the fluid, D/Dt ≡ ∂/∂t + u · ∇ is the substantial derivative, p(x, y, t) is the pressure in the film, μ is the dynamic viscosity of the fluid, and g = (g, 0) is the gravitational acceleration. Equation (1) represents the conservation of mass. Equation (2) represents the conservation of momentum-the dynamic balance of inertia, pressure, viscous stresses, and gravity. Note that we do not consider the drag of the wires because it is negligible as compared with the air drag [5] . A fluid element on the film surface at y = h is subjected to a force due to the bulk flow (pressure and viscous stresses), a force due to the ambient air (atmospheric pressure and air drag), and a force due to the surface elasticity (surface tension and its gradient). The force balance, which sets the dynamic boundary condition [1, 3, 4] at y = h, reads:
where the balance is expressed along the normal to the surface and along the tangent to the surface, respectively. (Refer to the Appendix for details of the notation and derivation.) Further, the film surface at y = h has to satisfy the kinematic boundary condition:
Finally, symmetry of the film surfaces about the x-axis imposes the following conditions at y = 0:
Equations (1)- (5) are not complete without models of the surface elasticity and the air drag. First, consider the surface elasticity. The deformation of the surfaces of the film may disturb the mutual equilibrium between the soap molecules in the bulk and the soap molecules on the surfaces, causing the diffusion of soap molecules between the bulk and the surfaces. The concentration of the soap molecules on the surfaces determines the surface tension σ , whose variation with the thickness of the film is related with the elastic modulus of the film, E, in the form [2] :
In general, modeling the diffusion of the soap molecules between the bulk and the surfaces entails consideration of additional governing equations [1] . Nevertheless, in the experimental setup of Fig. 1a there is insufficient time for such a diffusion to occur [9] . Thus, the concentration of soap molecules in the bulk remains constant, and the film is said to be in the "Marangoni elasticity regime," one of two possible limit regimes. (Refer to the Appendix for a discussion of the other limit regime: the "Gibbs elasticity regime.") In the Marangoni regime, the speed of the elastic waves, called the Marangoni speed and denoted U M , is a property of the film, independent of h. This is the speed at which disturbances in h travel on the surfaces of the film. (In the experimental setup of Fig. 1a , U M and U are of comparable magnitude [9] .) The relation between the Marangoni speed U M and the Marangoni elastic modulus E M , U M = √ (E M /2ρh), allows us to rewrite equation (6) in the form:
Next, consider the air drag. The film can be thought of as a flat plate that moves with velocity u. Assuming that the air flow is laminar, the shear stress on one surface of the film can be calculated using Blasius's solution for a boundary layer [7] , resulting in the following expression:
where ρ a and μ a are respectively the density and the viscosity of the ambient air. The constant α a can be calculated numerically from the Blasius boundary layer equation. (We will use ρ a = 1.2 kg/m 3 , μ a = 1.7 × 10 −5 kg/ms, and α a = 0.3.) In the analysis that follows, we need not invoke any explicit models for the surface elasticity and the air drag, and limit ourselves to note that in dimensionless variables the surface elasticity and the air drag are O(1).
Dimensionless Equations
The soap film has a typical length L ≈ 1 m and an average thickness H ≈ 10 μm (Fig. 1a) . We introduce the small dimensionless parameter = H/L ≈ 10 −5 and, following Chomaz [1] , we invoke the principle of dominant balance to relate the dimensionless variables (denoted with primes) to their dimensional counterparts:
y= Hy ,
where U is the average vertical velocity and σ m is the average surface tension of the film. Since U and U M are of comparable magnitudes, the expression σ = σ m + ρH U 2 σ is consistent with the surface elasticity model of (7) . Note that we have departed from Chomaz in assuming that the pressure is in balance with the viscous stresses. We shall show that the leading-order pressure term that follows from this assumption is consistent with the symmetry of the film surfaces-the leading-order transverse pressure gradient is zero [1] .
The governing equations (1)- (2) read (in the dimensionless variables, from which we drop the primes for simplicity of notation):
Re
where Re ≡ ρU H/μ is the Reynolds number and Fr ≡ U 2 /(gL) is a Froude-like number.
Neglecting terms of O(
2 ), the dynamic boundary conditions at y = h (equations (3)) read (in the dimensionless variables, from which we again drop the primes for simplicity of notation):
where Ca ≡ μU/σ m is the capillary number and D ≡ τ a L/(μU ) is the dimensionless air drag. The kinematic boundary condition at y = h (equation (4)) and the symmetry conditions at y = 0 (equations (5)) remain unchanged in the dimensionless variables.
Asymptotics
We are now ready to obtain the equations governing the leading-order dynamics. We expand the fields (u, v, p, h, σ ) in a power series of of the generic form:
We substitute the expansions in the governing equations, boundary conditions, and symmetry conditions of Sect. 2.2. In Table 1 we list the magnitudes of the relevant quantities. Noting that all the dimensionless numbers are of O( 0 ), we proceed to writing the equations at different orders of .
Leading-Order Equations
The governing equations at O( 0 ) read: The boundary conditions at y = h read:
The symmetry conditions at y = 0 read:
This set of equations can be simplified to the following:
We find that the leading-order terms u 0 and p 0 are uniform across the thickness. The leadingorder transverse pressure gradient, ∂p 0 /∂y, is zero, as required by the symmetry of the film surfaces [1] . Note that h 0 , v 0 , and p 0 are expressed in terms of u 0 , but u 0 remains undetermined. To determine u 0 (and the velocity, pressure, and thickness fields) to the leading order, we turn next to the O( ) equations.
O( ) Equations
To obtain the equations for the leading-order terms, it is necessary to consider only the following O( ) equations. The governing equation for x-momentum at O( ) reads:
Integrating this equation in y and applying the following symmetry condition at y = 0:
we get:
where we have used the leading-order solution u 0 = u 0 (x, t). Eliminating ∂u 1 /∂y between equation (23) and the following boundary condition at y = h:
Results and Discussion
We are now ready to write the leading-order equations, which we write in the dimensional form. Equation (25) in dimensional form reads:
This is the leading-order equation for u 0 and shows that the flow is dominated by the forces of inertia, surface elasticity, gravity, and air drag. Note that had we expanded the air drag as a field, τ a in the above equation would be the leading-order term of the expansion. The leading-order equations for the other fields can be obtained by writing equations (20) in dimensional form:
In Fig. 2 we show the representative steady-state profiles of u 0 (x), h 0 (x), v 0 (x), and p 0 (x) corresponding to the experimental setup of Fig. 1a . These profiles, computed by 
is set by the dynamics of the film draining into the reservoir RB (Fig. 1a) . The Marangoni shock is represented with a dashed line; its location is determined using the Rayleigh's jump condition, u 0+ u 0− = U 2 M , where the subscripts + and − denote downstream and upstream of the shock, respectively [9] . Using the solution u 0 (x) we compute the other fields by solving equations (27)-(29). The experimental data points u(x) (panel a) were measured using Laser Doppler Velocimetry, and are taken from [9] . The data points h(x) (panel b) are computed from the data points u(x) using the relation h(x) = q/2u(x). v(x) and p(x) were not measured experimentally solving the leading-order equations (26)- (29) coupled with the models of surface elasticity (equation (7)) and air drag (equation (8)), are in good accord with experimental measurements. (For an extensive comparison with the experiments, refer to [9] .) In particular, the equations provide a suitable framework for elucidating a striking experimental observation: a Marangoni shock [9] . In the profile of u 0 (x) (Fig. 2a) , the film velocity does not increase monotonically downstream, as it is widely thought. Instead the velocity increases, peaks, drops abruptly, then lessens gradually downstream. The equations reveal that the abrupt drop in velocity is caused by a shock related to the surface elasticity-a Marangoni shock which marks the transition from a supercritical region (where u 0 (x) > U M ) to a subcritical region (where u 0 (x) < U M ). Although the equations predict a sharp shock, the shock observed experimentally is diffused over a finite width (Fig. 2a) . The shock dissipates energy by powering locally intense turbulent fluctuations [9] . These locally intense turbulent fluctuations (which are not taken into account in our equations) endow the shock with a finite width, which could be predicted by adding a suitable diffusive term to our equations.
To summarize, by employing the principle of dominant balance (equations (9)) and asymptotic expansions in power series of , we have obtained the leading-order equations for the velocity, thickness, and pressure fields along the centerline of a free-standing, falling soap film.
The force balance equation for the surface reads:
On rearrangement of this equation, we obtain the dynamic boundary condition at y = h:
−(p − p a )n + μ(∇u + ∇u T ) · n + τ a t = κσ n + ∇ s σ.
By projecting equation (37) on the normal vector n and on the tangent vector t , we obtain equations (3).
Gibbs Elasticity Regime
The Marangoni elasticity regime governs the dynamics of the film for short time scales, where there is insufficient time for the soap molecules to diffuse between the bulk and the surfaces. For long time scales, where the soap molecules in the bulk and the soap molecules on the surfaces remain in thermodynamic equilibrium, the film is in the Gibbs elasticity regime. The Gibbs elastic modulus E G can be expressed in the form [2] :
where R is the gas constant, T is the absolute temperature, c is the overall concentration of soap molecules in the film, and k is the constant that characterizes the thermodynamic equilibrium between the soap molecules in the bulk and the soap molecules on the surfaces. The speed of the corresponding elastic waves, the Gibbs speed U G is related with E G via U G = √ (E G /2ρh). Note that unlike the Marangoni speed, the Gibbs speed depends on h.
